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Exercise 14

Do the same for the eighth of a ball

D={a+y*+22<d® >0, 9y>0, 2> 0}.

Solution

Here we will solve the Poisson equation inside an eighth-ball with radius R that is subject to
boundary conditions on its spherical and planar surfaces. Use a spherical coordinate system
(p, ¢,0) in which 6 is the angle from the polar axis.

Au= f(p,0,0), p<R, 0<¢< 0<9<§

u(R, ¢,0) = F(6,0)

w(p,6,5) = Hlp,0)

(p7 07 0) - A(pa 0)

T
A Green’s function representation for the solution can be obtained from Green’s second identity,
/// (uAv — vAu) dV = // <u8v —v> ds,
bdy D

which holds for any two functions, v and v, over any domain and its boundary. Let v be the
Green’s function: v =G = G(p, ¢, 6; po, o, 00).

///UAG GAw)dV = // <u—G8n>dS (1)

If we require it to satisfy
AG =d(p—po)d(¢ — ¢0)d(0 — o),  p<R, 0<¢< , 0<0< 5
G =0on bdy D,

where (po, ¢o,0p) is a point in the eighth-ball, then equation (1) becomes

///[U(P, $,0)6(p — p0)d(¢ — ¢0)(0 — o) — G(p, ¢, 6; po, do,60) f(p, &, 0)] dV
D

au
ds.
- [ (5-05)
bdy D
Since the domain is an eighth-ball centered at the origin, there are four boundaries to consider.

There’s the spherical boundary p = R, where the outward unit normal vector is i = p and the
normal derivative is /9n = 9/0p. There are also the planar boundaries, z = 0, y = 0, and z = 0,

where the outward unit normal vectors are h = —%X, i = —¥, and i = —Z, respectively.
/// u(p, 6,6)3(p — po)8(6 — 60)3(6 — B0) AV — // G065, 00, 00) (000 aV = [ w52 s
bdy D
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The integral involving the delta functions is u(po, ¢o,60).
n/2 rmw/2 rR
lpodn,80) — [ [ [ Glo.6,6: 600009, 0,0)g%sin 0 dp o
/2 /2
/ / u(R, $,0) 6G sdegde—}—/ / 0, gi), < )
0 lp=r
w/2 w/2 oG
+/ / u ( > pdpd9+/ / u(p, 0,0 <>
0 0 ( 0 0 ( ) dy

pdpde

pdpdb
y=0

Solve for u.
n/2 rmw/2 rR
u(pn,on.00) = [ [ [ 6o, 0. 60,0001 (0. 6,0)5% sin 0 dp s a9
0 0 0
w/2 /2 oG w/2 rR oG
Hﬁ/ / F(¢,0)— mwmw/ /‘H@¢
0 0 ( )50 p=R 0 0 ( )82 2=0
oG

©/2 rR 9G w/2 rR
—/ /anﬁa pwﬁ—/ /)Mm@
0 0 T {z=0 0 0

In spherical coordinates, z = pcos¢sinf and y = psin¢sinf and z = pcos 6. Solve these three
equations for p, ¢, and 6.

pdpde

pdpdo

p=x%+y2+ 22

¢ = tan™! J
T
0 =tan ' YL Aty
z

Use the chain rule to write 0G/0x in spherical coordinates.

oG 8G8p+8ﬁ%+8£@
Oz 9pdx 0 dx 00 Ox

oG oG

=% [2( +y’+2 )_LQ(Qxﬂ + 96

06w N ol y Y, 06( =
O \ a2+ 2+ 22 ¢ \2? +y? 00 \ 22 +y? + 2%\ /22 442
= %f(cosgbsm&) — Al < Sl]{lqﬁ ) + oG <Copsecos¢>

d¢ \ psinf o0
x = 0 corresponds to ¢ = /2, so
oG oG sin ¢ cos 6 B 1 0G
Oz o [ap (cos sinf) — qub <psm9> + 00 ( P Cosd))] ’¢W/2 N _psin0 8¢‘¢ﬂ/2'
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Use the chain rule to write 9G/0y in spherical coordinates.

oG _ G op , 9G 9o , 0G 08
dy  Opdy 0oy 00 dy

_ oG

oG !
dp

1
+ 2
% 1+< I2+y2>2<22 vy y)

1 oG
5o e + 5

()

_9G y LG x N, 06 z y
S op \Var 2122 09 \at+y?) 00 \ a4yt 422 a2 42
= %G(singﬁsine) + a—G ( COS¢) + oG <Cosesinqb>

p p

0¢ \ psinf 00
y = 0 corresponds to ¢ = 0, so

o0
dy

B aG(singbsin@)—k% cos ¢ +8£ cos@sin¢ 1 oG
y:O_ ap 0¢ \ psinf 00 p ¢:0_psin98¢ ¢:0.

Use the chain rule to write G /9z in spherical coordinates.

oG _0Gap  9G9o | 0G 08
0z Opdz 0¢ 0z 000z

z

0G |1 oG oG 1 Va4 y?
=5 [(x2+y2 —1—22)1/2(22)} + 550+ 55 5 (— & ;y >
p |2 @ 14 ( /m2+y2) z

5 (rs) W (25975)

8p 1/x2+y2+22 _% $2+y2+22
oG G (sinf
8p(0080)_89< P >

z = 0 corresponds to § = 7/2, so

0G B [BG(COSQ) oG (sinHﬂ
=0 dp 00 p

0z

10G

0=m/2 a P a0

0=m/2

As a result,
w/2 rm/2 rR
u(po, o, 0o) :/ / / G(p, $,6; po, b0, 00) f (p, &, 0)p* sin 6 dp dep db
0 0 0

w/2 /2 7/2 rR
+R2/ / F(qﬁ,&)g—G sin@dqﬁd@—/ / H(p, ) (—123 >pdpd¢
0 0 Plp=R 0 0 P 6=m/2

w/2 rR 1 G w/2 rR 1 oG
- Bp.o) [ ———& dd@—/ /A,e dpdb.
/O /O (p )( 5ind 90 (M/Q)p p A (p )< pdp

psin 6 % $=0
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Switch the roles of pg, ¢g, and 6y with those of p, ¢, and 8, respectively.

©/2 rmw/2 rR
u(p, ¢,0) :/ / / G(po, ¢0, 00; p, ,0) £ (po, b0, 00) i sin B dpo debo g

/2 oG ©/2 rR oG
e [ penn 2] nmdseans s [T [ 0002 dpoai
0 po= =R 0 90=7T/2
/2 % B(po, bo) OG /2 A(po, bo) 0G
dpo dfy — / / - dpo dfy.
/ sin 6y 8¢0 do=r/2 Po avo sin O 6¢0 -0 Po &%0
Therefore, using the fact that the Green’s function is symmetric,
w/2 /2
upot) = [ | / .60 po, 60, 00) (0, G0, 00)03 sin 0y dpo dby b
/2 oG T/2 rR G
7 / Floo )52 sintodogdno+ [ [T im0 T dpodon
PO po=R 0 Oo=m/2
/2 7/2 rR
/ B po 90 8G dpo d@o _/ / A po,@o OG dp() de().
sin 90 ad)o po=m/2 sin 90 8¢0 $0=0

The solution for Poisson’s equation is known, then, if the Green’s function inside the eighth-ball
can be determined. Begin by finding the Green’s function in infinite space (no boundaries).

Ag=0(z —x0)d(y —yo)d(z —20),  —o0 <,y,z <00

g can be interpreted as the electrostatic potential, and §(x — 2¢)d(y — yo)d(z — zp) can be
interpreted as the charge density for a unit charge located at (zg, yo, 20). Since there are no
boundaries, g is expected to vary solely as a function of the radial distance from (g, yo, 20):
g =g(2), where 2 = \/(x — x0)% + (y — yo)2 + (2 — 20)2. Integrate both sides over a solid ball
centered at (xo, yo, z0) with radius 2.

/// AgdV = /// d(x —20)0(y — y0)d(z — 20) dV

(z—20) + (y—yo0)? (z—20)* + (y—v0)?
+(2—20)% <22 +(z— zo)2<z2

Since the ball contains (z9, yo, 20), the right side is 1. Write the Laplacian operator A as V?

/// V2gdV =1

(z—20)% + (y—v0)?
+ (2—20)% <22

/// V.VgdV =1

(x—20)% + (y— yo
+ (z— 20)2<z2

and apply the divergence theorem.
Vg-2dS =1
(z—20)* + (y—y0)?

+(2—20)2 =22
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Here # is the unit vector normal to this ball at every point on the boundary.

dg
et =1
// % s

(z—20)* + (y—v0)?
+ (Z—Z0)2 =22

Because g only depends on 2, its derivative is constant on the ball’s boundary.

dg

-~ =1

= // ds
)2+ (

(z—x0 y*yo)2

This surface integral is just the ball’s surface area.

dg

= (4m2?) =1
o, (4m2’)
Divide both sides by 4722.
dg 1
de  4me?
Integrate both sides with respect to 2.
1
?)=——
9@ =--

The infinite-space Green’s function is then
1
A/ (x — x0)2 + (y — y0)? + (2 — 20)?

Now that it’s known, the Green’s function for the eighth-ball can be determined by the method of
images. A convocation of point charges in infinite space will be arranged so that the boundary
conditions, G = 0 along p = R and G = 0 along x = 0, y = 0, and z = 0, are satisfied. For a
positive unit charge located at (xo,yo, 20) inside the eighth-ball, place a charge Q* at (z{, y5, 2()
outside the eighth-ball such that the charges are collinear with the origin. Then place two
corresponding charges of opposite polarity at their reflections over the yz-plane so that G = 0 on
x = 0 is satisfied.

9(1'7 Y, 2520, Yo, ZO) =

]

A (=x0, Y0- 20)
-0" (=x0*, »0". z0™)

//[ ; +0"(x0", y0", 207)
L” B P (x0, Y0, 20)

\\ B > v
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Then place four corresponding charges of opposite polarity at their reflections over the zz-plane
so that G = 0 on y = 0 is satisfied.

(=xp, —¥0- 20) .

(_x()*n _J”O*s 20*22* A (—=x0, Y0 20)
+ 3 3 3 3
(XO, =)0 ZO) _Q* (_xo*a _}’0*, ZO*)
_Q* +Q=(= (x()*, .}’0*= ZO*)

(x0™, —y0™, 20") (x0. Y0 20)

Then place eight corresponding charges of opposite polarity at their reflections over the xy-plane
so that G = 0 on z = 0 is satisfied.

_x —_ Z
(—x0, —Y0- o)Z

(=x0", =30" 207) A %0, 50.20)

(%0, =0, 20) o —0" (=x0", ¥0", 20")
~0* %! +0" (x0", »0", 207)

(x0", =»0" 20") e — (%0, 0, 20)

(=x0", =0, :ZQW __’:/Jf/fL(—xoa »0, —20)

(=x0. —¥0, —Z0) SR +O(=x0" 207, ~207)

—Q*(JC *: ! *:_Z *)
+Q* . 0 -J)0 0

(x0", =20, —207) (x0. =0, —20) (x0, Y0, —20)

x5y Yos 20, and Q* are all unknown at the moment.
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Write the Green’s function in the eighth-ball (valid for 224+’ + 22 <R x>0,y>0,2> 0).

G(x,y, 220, Y0, 20) = +9(2, ¥, 2; To, Yo, 20) + Q" 9(2,y, 2 25, Y5, %))

— 9(,y, 23 =20, Y0, 20) — Q" 9(%,y, 23 =3, Y5, %))
+9(z,y, 2; =0, Y0, —20) + Q" 9(2, Y, 2; =20, Y), —20)

- 9(z,y, 2; 70, Y0, —20) — Q" 9(x, Y, 2; 75, Y5, —20)

+ 9(,y, 2; =70, —Y0, 20) + Q*9(x, Y, 25 =25, =¥, 20)

— g(x,y, 2; %0, —Yo, 20) — Q" 9(x, y, 2; 5, —5, 20)

+ 9(,y, 2 20, —Y0, —20) + Q" 9(2, y, 23 25, —y5, —2))
—g(x,y, 2; =0, —y0, —20) — Q" 9(,y, 2; =75, —Yg5, —20)

_ 1 B Q"
Amy/(x —20)? + (y —w0)? + (2 — 20)2  Amy/(z — 25)2 + (y — y5)? + (2 — )2

+ ! + @
dry/(w 4 20)2 + (y —y0)? + (2 — 20)2  Amy/(w +a5)? + (y — y5)* + (2 — 25)?

_ 1 _ Q"
Amy/(x+20)2 + (y — 90)> + (2 +20)2  4my/(z +2§)? + (y — 45)2 + (2 + 2)?

1 Q*
" dm/(z — 20)%2 + (y — ¥0)? + (2 + 20)? " Amy/(x — a8)? + (y — y§)? + (2 + 25)?
dry/(w 4 20)2 + (y +90)? + (2 — 20)2  Amy/(w +25)? + (y + y5)% + (2 — 25)?

1 Q*
RS O L R e e RS/ ) Er ) B e
Amy/(x —20)? + (y +10)2 + (2 +20)%  4my/(z — 25)2 + (y + y5)? + (2 + 25)?

1 Q*

+ +
A/ (@ +20)2 + (Y + 10)2 + (2 + 20)%  dmy/(z +2)? + (Y + u5)? + (2 + 2)?

YT 9SIOJI3X | - §°L UOI309S 9 SHAJ ssneajs
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Factor each pair of terms and expand the denominators.

1 1 Q*
Gl y: 720,30, 20) = 30 VE2+ 2+ 2+ @24+ 2 + 28) — 2(zwo +yyo + 220) /(@2 + 2+ 22) + (22 + 32 + 252) — 2wl + yyi + 220)

fL 1 h
4m _\/(332 +y2+22) + (22 + 3 + 28) — 2(—xx0 +yYo + 220) /(@2 + Y2 + 22) + (232 + yi? + 232) — 2(—wwh + yy§ + 228)
1] 1 Q*

dm V(@2 g2+ 22) + (0 + yg + 25) — 2(—xwo +yyo — 220) V(02 +y? 4+ 22) + (057 + y5” + 257) — 2(—wah + yys — 225)
1] 1 Q*

T V(@2 + 12+ 22) + (@3 + 93 + 23) — 2(wmo +yyo — 220) V(22 + 12+ 22) + (05 + 057 + 257) — 2(@xh + vyl — zza‘)]
1] 1 Q*

A @+ )+ (@3 + g+ 2) — 2(—xmo —ywo + 220) /(@2 + 2+ 20) + (5 +uo + ) — 2(—z — Yy + 2%)

L1 ! @
A | (@ + g2+ 22) + (a5 + yp + 25) — 2(x@0 —yyo +220) V(@2 y2 + 22) + (257 + y57 + 257) — 2(zah — yyp + 2%)
1] 1 O

Cdr _\/(x2 +y2+22) + (22 +yd + 28) — 2(zz0 —yYo — 220) V(22 +y2 + 22) + (@2 + y3? + 252) — 2(xxd — yyh — zz(‘;)]

L1 1 @
Am | (@2 + g2+ 22) + (25 + yp + 25) — 2(—xwo —yyo — 220) /(@2 + 42+ 22) + (257 +y57 + 257) — 2w — yys — 22))
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Change to spherical coordinates and simplify the formula.

G(pv QS’ 07 Po; d)o’ 90) =

www.stemjock.com

1

1 O ]

- +
AT | \/p2 + pg — 2ppofcos(é — do) sinOsin O + cosOcosBg]  /p% + pi? — 2pp[cos(d — ¢o) sin O sin Oy + cos 6 cos O]

+1
47

1 Q*
+
I VP2 + p3 — 2ppo[— cos(¢ + ¢o) sinfsin By + cos O cos o] \/p? + pi2 — 2pp[— cos(¢ + ¢o) sin sin by + cos O cos O]
- , o

+
VP2 + p3 — 2ppo[— cos(¢ + ¢o) sinfsinfy — cosOcosfy]  \/p? + pi2 — 2pp[— cos(¢ + ¢o) sin fsin y — cos O cos O]

1 Q*
+
VP2 + pg — 2ppolcos(é — ¢o) sin Osin Oy — cosOcos By /p% + pi? — 2pp[cos(d — ¢o) sin O sin Oy — cos  cos 90]]
1 Q*

+
_\/p2 + p2 — 2ppo[— cos(¢p — ¢o) sinfsinfy + cosOcosby]  \/p? + pi? — 2ppy[— cos(¢ — do) sin O sin Oy + cos  cos O]

1 Q*
+
I VP2 + pg — 2ppolcos(é + ¢o) sin Osin Oy + cosOcos Oy /p% + pi? — 2pp[cos(é + ¢o) sin O sin Oy + cos  cos 90]]

1 Q*
+
I VP2 + pg — 2ppolcos(é + ¢o) sin Osin Oy — cosOcos Oy /p% + pi? — 2ppjs[cos(d + do) sin O sin Oy — cos 0 cos 90]]
- X o

+
_\/p2 + p2 — 2ppo[— cos(¢p — ¢o) sinfsinfy — cosOcosby]  \/p? + pi? — 2ppy[— cos(¢ — do) sin O sin By — cos 6 cos O]

|
|

|

|
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Bring p out of the square root in the terms with 1 in the numerator, and bring pj out of the square root in the terms with Q* in the

numerator.

G(pv ¢7 07 P0, d)Oy 90) =

www.stemjock.com

+1
4

1 1 O*
= +
am p\/l + %é - 2%[005@ — ¢o) sin@sin by + cosfcos ] P *2 > +1- *[COS(¢ — o) sin @'sin Gy + cos 6 cos bo]
1 *
2 + Q
p\/l + Z—g - 2%[— cos(¢p + ¢p) sinfsin by + cos B cosbp]  PH *2 - of 20— cos(¢ + o) sin Osin Oy + cos 0 cos Bo] |
1 *
2 + Q
_p\/l + %8 - 2%[— cos(¢ + ¢p) sin @ sin Oy — cosfcosby] Py *2 o+ 1— *[ cos(¢ + ¢o) sin @ sin  — cos 6 cos 90]
1 *
2 + Q
p\/l + 5—8 - 2%[cos((;ﬁ — ¢p)sinfsin By — cosfcosby] Lo *2 - *[COS(<Z5 ¢o0) sin 6 sin 6y — cos 0 cos O]
1 *
2 + Q
_p\/l + Z—S — 2%[— cos(¢ — ¢g) sin @ sin by + cosf cosBy] P *2 - *[ cos(¢ — ¢o) sin ' sin Oy + cos 0 cos by
1 *
2 —"_ Q . .
p\/l + z—% - 2%[(:os(gb + ¢o) sinfsin Oy + cos B cosbp]  PH *2 - *[COS@ + ¢o) sin 6 sin Oy + cos 6 cos O]
1 *
2 + Q
_p\/l + Z—S - 2%[cos(gb + ¢p) sin @ sin g — cos cos By] Py *2 41— ;[cos(qb + ¢o) sin @ sin By — cos 6 cos 90]
1 N Q"
p\/l + Zé - 2%[— cos(¢p — ¢p) sin@sin By — cosfcosby] Py *2 - *[ cos(¢ — ¢o) sin 0 sin y — cos 6 cos o]
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The potential at p = R is zero.

1 *
0= Q
R\/l % — @ [cos(¢p — ¢p) sin O sin 6y + cos 6 cos O] PO\/l COS(¢ ¢o) sin 0 sin b + cos 6 cos O]
1 1 Q*
i
T _R\/l + £ — 220 cos(¢ + o) sin 0 sin Oy + cos 0 cos by PO\/l — cos(¢ + o) sin sin O 4 cos 0 cos bo] |
1 1 @
Am R\/l + % 2]”%0 [— cos(¢ + ¢p) sin f sin Oy — cos 6 cos 6| Po \/1 —cos(¢ + o) sin  sin g — cos 6 cos b
1 1 O*
T
m _R\/l + £ — 2§° [cos(¢ — ¢p) sin 6 sin 6y — cos 0 cos O] /70 \/1 COS(¢ ¢o) sin 0 sin fy — cos 6 cos 0]
1 ! @
Am _R\/l + 1%(2; 2]’;0 [— cos(¢ — ¢p) sin 6 sin Oy + cos O cos O] Po \/1 —cos(¢ — ¢o) sin ' sin 0y + cos 6 cos Oy
1 1 O*
+ o -
i _R\/l + £ - 2§° [cos(¢ + o) sin € sin Oy + cos O cos O] Po \/1 COS(¢ + ¢o) sin sin 6y + cos 6 cos 0] |
1 ! @
am _R\/l + %2% - 2%[(:08((;5 + ¢p) sin 0 sin 6y — cos 6 cos 6] PO\/l COS(¢ + ¢o) sin 0 sin 6y — cos 6 cos O]
1 1 O
+ -
T R\/l + % — 2%[— cos(¢ — ¢p) sin 0 sin Oy — cos 6 cos ] Po\/l —cos(¢ — o) sin @ sin g — cos 6 cos b

In order for the quantities in square brackets to vanish, set

PO R Q* * R2 *
—=— and — + —=0 — py=— and Q
R pg R pg 0 Po

YT 9SIOJI3X | - §°L UOI309S 9 SHAJ ssneajs

LT 30 11 98eq



With these values for pj and Q*, the first equation for G in spherical coordinates becomes

R
1 1 -£
G(p’ ¢’9§P07¢0790) =~ _ - - + £
A | \/p? + p§ — 2ppolcos(é — o) sin B sin By + cos 6 cos 6] \/pQ + 1;%1 = Zp%j[cos(cb — ¢0) sin @ sin Oy + cos 6 cos O]
0
AT | \/p? + p§ — 2ppol— cos(¢ + ¢o) sin B sin fo + cos b cos o] \/p2 + %; - 2p}§—§[— cos(¢ + ¢p) sin @ sin 6y + cos 0 cos |
L 2 i
1 1 -z
N Z 2 2 : : + 4 2
T | \/p? + p§ — 2ppo[— cos(¢ + ¢o) sin  sin g — cos 6 cos by \/p2 + 1;—2 — Qpﬁ—o[— cos(¢ + ¢p) sin 0 sin 0y — cos 6 cos 6]
L Z i
1 1 —
+E\/Q 06— 2 o) s Osinfy — cosfcosly] [y B o B s ,
p* + pg — 2ppo[cos(¢ — ¢o) sin  sin by — cos 6 cos O] \/p +or 2pp—0[cos(¢ — ¢p) sin @ sin 6y — cos 6 cos O]
- 0
[ R

1 1 Y

—— +
47 _\/p2 + pg — 2ppo[— cos(¢ — ¢o) sin @ sin by + cos 0 cos O] \/pQ + Ij—g — Qp%j[— cos(¢ — ¢p) sin 6 sin 6y + cos 0 cos |

R
+ 1 1 + ~ po
4m | \/p2 + pd — 2ppocos(¢ + ¢o) sin O sin Oy + cos 6 cos O] \/p2 + lpi; - 2p1§—§ [cos(¢ + ¢p) sin 6 sin by + cos O cos G|
L 0 .
1 1 — 1
o Z 2 2 : . + R4 R2
T | \/p? + p§ — 2ppo[cos(¢ + ¢o) sin B sin By — cos 6 cos 6] \/p2 +or 2% [cos(¢ + ¢o) sin 6 sin Hy — cos 6 cos O]
L Z A

1 1 —

— +
A \/P2 + /% — 2ppo[— cos(¢ — ¢o) sin ' sin Gy — cos 6 cos O] \/p2 + %‘ — Qp%j[— cos(¢ — ¢p) sin 6 sin 6y — cos 0 cos G|
- 0
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Therefore, the Green’s function in the eighth-ball is

1 1 R
G ) 797 ) 79 =~ _ -
(P, 6,65 po, 60, 60) AT | \/p2 + pg — 2ppolcos(é — ¢o) sinOsin Oy + coscosBg]  /p2p + R — 2R2ppo[cos(¢ — ¢o) sin fsin by + cos 6 cos 90]]
L1 — 1 B R
am | VP2 + pg — 2ppo[— cos(¢ + ¢o) sinfsin by + cosfcosfy]  \/p2pg + R* — 2R2ppo[— cos(¢ + ¢o) sin 0 sin Gy + cos 0 cos O]
1 1 - R
dm | VP2 + p? — 2ppo[— cos(¢ + ¢o) sinfsinfy — cosfcosfy]  \/p2pg + R* — 2R2ppo[— cos(¢ + ¢o) sin 0 sin g — cos 0 cos O]
i 1 R
+ A 2, 2 : : B 2 2 Z 2 - :
a0 _\/p + p2 — 2ppolcos(¢ — ¢o) sinfsinfy — cosfcosby]  /p2pg + R* — 2R2ppycos(¢ — ¢o) sin O sin Oy — cos 6 cos O]
_ i 1 B R
am _\/p2 + p2 — 2ppo[— cos(¢p — ¢o) sinfsinfy + cosfcosby]  \/p2p2 + RE — 2R2ppy[— cos(¢ — ¢y) sin sin by + cos O cos bo]
L 1 B R
am _\/p2 + p2 — 2ppolcos(¢ + ¢o) sinfsin by + cosfcosby]  /p2pg + R* — 2R2ppycos(¢ + ¢o) sin O sin Oy + cos  cos O]
B i 1 B R
am _\/p2 + p2 — 2ppolcos(¢ + ¢o) sinfsinfy — cosfcosby]  /p2pg + R* — 2R2ppycos(¢ + ¢o) sin O sin Oy — cos 6 cos O]
L _ 1 B R
am _\/p2 + p2 — 2ppo[— cos(¢p — ¢o) sinfsinfy — cosOcosby]  \/p2p2 + R — 2R%ppy[— cos(¢ — ¢y) sin sin y — cos O cos fo]
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Calculate 0G/0pg and evaluate it at pg = R.

o) _mp !
9p0 | po—r ATR  {R? + p? — 2Rp[cos(¢ — ¢o) sin O sin By + cos 6 cos o] }*/2
_ R? — p? 1
ATR  {R? 4 p2 — 2Rp|— cos(¢ + ¢o) sin fsin By + cos 0 cos fg] }>/2
R? — p? 1
AR 2 2 _ _ ; ; _ 3/2
{R? + p? — 2Rp[— cos(¢ + ¢o) sin O sin By — cos b cos b }
R? — p? 1
ATR {R2 4 p2 — 2Rp|cos(é — ¢p) sin O sin By — cos O cos 90]}3/2
R? — p? 1
4T R 2 2 _ _ _ : . 3/2
{R? + p?> — 2Rp[— cos(¢ — ¢p) sin O sin Oy + cos O cos Oy }
R? — p? 1
4R 2 2 : . 3/2
{R? + p? — 2Rp[cos(¢ + ¢p) sin § sin by + cos O cos O]}
R? — p? 1
ATR  {R? 4 p2 — 2Rplcos(¢ + ¢o) sin O sin g — cos O cos Oy] }*/>
R? — p? 1

4mR (R2 4 p2 — 2Rp[— cos(¢ — ¢y) sinfsin By — cos O cos 90]}3/2
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Calculate 0G/0¢p and evaluate it at ¢ = 0.

oG 1 ppo sin ¢ sin 0 sin O R3ppg sin ¢ sin 6 sin O
Ao $0=0 T 4r [[p2 + p& — 2ppo(cos ¢ sin @ sin by + cos 0 cos Op)]3/2 a [p2p3 + R* — 2R2ppy(cos ¢ sin @ sin by + cos 0 cos 90)]3/2]

17 ppo sin ¢ sin 0 sin 6 R3ppg sin ¢ sin 0 sin O

+ 4 | [p2 + P& — 2ppo(— cos ¢ sin O sin by + cos O cos 0)]3/2 a [p2p3 + R* — 2R2ppy(— cos ¢ sin 0 sin Oy + cos 6 cos 90)]3/2}
1 [ ppo sin ¢ sin 6 sin Oy R3ppg sin ¢ sin 0 sin 6

C4r L [p? + P2 — 2ppo(— cos ¢ sin B sin by — cos b cos b)]3/2 a (2% + R* — 2R?ppo(— cos ¢psin B sin by — cos 6 cos 90)]3/2}
1 [ ppPo sin ¢ sin O sin O R3ppg sin ¢ sin 6 sin Oy

+ 4 [[p? + P& — 2ppo(cos ¢ sin O sin By — cos 6 cos b )]3/2 a [p2p3 + R* — 2R2ppy(cos ¢ sin @ sin by — cos 0 cos 90)]3/2]
1 [ —ppo sin ¢ sin 6 sin Oy R3ppg sin ¢ sin f sin

Az [+ P& — 2ppo(— cos ¢ sin Osin Oy + cos 6 cos b)]3/2 * [p2p3 + R* — 2R2ppy(— cos ¢ sin 0 sin Oy + cos 6 cos 00)]3/2}
1 [ —ppo sin ¢ sin O sin Oy R3ppy sin ¢ sin 6 sin 6

* 4 | [p? + p% — 2ppo(cos ¢sin 0 sin by + cos 6 cos bp)]3/2 + [p2p% + R* — 2R2ppy(cos ¢ sin fsin Oy + cos 0 cos 90)]3/2]
1 [ —ppo sin ¢ sin 6 sin O R3ppy sin ¢ sin 6 sin Oy

Sz [ + P& — 2ppo(cos ¢ sin O sin Oy — cos 6 cos b )]3/2 * [p2p3 + R* — 2R?ppy(cos ¢ sin @ sin by — cos 0 cos 90)]3/2]
1 [ —ppo sin ¢ sin G sin O R3ppo sin ¢ sin f sin

i L [p? + P2 — 2ppo(— cos ¢ sin B sin by — cos b cos b)]3/2 * (2% + R* — 2R2ppo(— cos ¢psin B sin by — cos 6 cos «90)]3/2}

1 ppo sin ¢ sin 0 sin O R3ppy sin ¢ sin 0 sin 6
Com [p? + p3 — 2ppo(cos ¢ sin O sin by + cos @ cos 0y)]3/2 B [p2p% + R* — 2R2ppy(cos ¢ sin O sin Oy + cos 0 cos 00)]3/2]

1 [ ppo sin ¢ sin B sin 6 R3ppg sin ¢ sin 0 sin O

+ or | [p2 + P& — 2ppo(— cos ¢ sin O sin by + cos O cos 0)]3/2 a [p2p3 + R* — 2R2ppy(— cos ¢ sin 0 sin Oy + cos 6 cos 00)]3/2}
1 [ ppo sin ¢ sin 6 sin Gy R3ppg sin ¢ sin 6 sin 6

S or L [p? + P2 — 2ppo(— cos ¢ sin B sin by — cos b cos bp)]3/2 a (2% + R* — 2R2ppo(— cos ¢psin 0 sin by — cos 6 cos 90)]3/2}
1 [ ppo sin ¢ sin O sin O R3ppy sin ¢ sin 6 sin Oy

+ or [ [p? + P& — 2ppo(cos ¢ sin O sin By — cos 6 cos b)]3/2 a [p2p% + R* — 2R2ppy(cos ¢ sin fsin Oy — cos 6 cos 90)]3/2]
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Calculate 0G/0¢ and evaluate it at ¢g = 7/2.

|

1 { —ppo cos ¢ sin O sin Oy n R3ppq cos ¢ sin 0 sin O
bor/2 Am [ [p? + p2 — 2ppo(sin ¢ sin O sin Oy + cos O cos 0p)]3/2  [p2p2 + R* — 2R2 ppo(sin ¢ sin 0 sin Oy + cos 6 cos b )]3/2
n 1 [ ppo cos ¢ sin 6 sin By _ R3ppy cos ¢ sin 0 sin O
4m [ [p? + p3 — 2ppo(sin ¢ sin O sin by + cos O cos 09)]3/2  [p2pE + R* — 2R2ppo(sin ¢ sin 0 sin Oy + cos 0 cos Oy )]3/2 |
RN pPo cos ¢ sin € sin b B R3ppg cos ¢ sin §sin Oy |
4m [ [p? 4 p3 — 2ppo(sin ¢ sinOsin Gy — cos  cos 09)]3/2  [p2pt + R* — 2R2ppo(sin ¢ sin fsin By — cos 6 cos y)]3/2 |
n 1 [ —ppo cos ¢ sin O sin O n R3ppg cos ¢ sin O sin 6 1
4m [ [p? + p3 — 2ppo(sin ¢ sin O sin by — cos O cos 09)]3/2  [p2pE + R* — 2R2ppo(sin ¢ sin 0 sin Oy — cos 0 cos 0y )]3/2 |
1T ppo cos ¢ sin 6 sin 6 B R3ppy cos ¢ sin 0 sin 6
4m [ [p? + p3 — 2ppo(—sin ¢ sin @ sin Oy + cos O cos 0p)]3/2  [p?p3 + R* — 2R2ppo(— sin ¢ sin 0 sin Oy + cos 0 cos Oy )]3/2 |
4 1 [ —ppo cos ¢ sin B sin O n R3ppy cos ¢ sin 6 sin 6 1
4m [ [p? + p3 — 2ppo(—sin ¢ sinsin Oy + cos O cos6p)]3/2  [p?p3 + R* — 2R%ppo(— sin ¢ sin fsin Oy + cos 0 cos y)]3/2 |
1 [ —ppo cos ¢ sin f sin O n R3ppy cos ¢ sin 6 sin O |
4m [ [p? + p3 — 2ppo(—sin ¢ sin @ sin Oy — cos O cos0p)]3/2 ~ [p?p3 + R* — 2R2ppo(— sin ¢ sin 0 sin Oy — cos 0 cos 0y )]3/2 |
n N ppo cos ¢ sin O sin b B R3ppo cos ¢psin @ sin O |
4m | [p? + p3 — 2ppo(—sin ¢sin@sin by — cos B cos 0y)]3/2  [p2pE + R* — 2R%ppo(— sin ¢ sin @ sin Gy — cos 6 cos 0)]3/2 |
_ 1 PpPo cos ¢ sin O sin O B R3ppg cos ¢ sin O sin 6
27 | [p? + pg — 2ppo(sin ¢ sin O sin Oy + cos O cos 0y)]3/2  [p2p2 + R* — 2R2ppo(sin ¢ sin O sin Oy + cos 6 cos 0g)]3/2
0 0
1 [ Ppo cos ¢ sin 6 sin By - R3ppy cos ¢ sin 6 sin O
21 | [p? + p3 — 2ppo(sin ¢ sin @ sin Gy — cos O cos 0)]3/2  [p2pE + R* — 2R2ppo(sin ¢ sin 0 sin Oy — cos 6 cos b )]3/2
RN ppPo cos ¢ sin O sin b B R3ppg cos ¢psin @ sin
21 [ [p? + p2 — 2ppo(—sin psinfsin by + cos O cos 0)]>/2  [p2p3 + R* — 2R%ppo(— sin ¢ sin O sin by + cos 0 cos 0p)]3/2
4 1 [ PpPo €os ¢ sin O sin Oy B R3pp cos ¢ sin O sin 6
21 | [p? + p2 — 2ppo(—sin ¢sinfsin by — cos O cosbp)]3/2  [p2p2 + R* — 2R?ppo(— sin ¢ sin 0 sin by — cos 6 cos b)]3/2
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Finally, calculate 0G/00y and evaluate it at 0y = 7/2.

00
9o Oo=m/2

ppo cos 1 R3
T am L[o?+ pf— 2ppocos(¢ — do)sin 62 [p2pf + RY — 2R2ppo cos( — o) sin 0%/
ppocosB [ 1 R3
T dr [P+ Rt 2onocos(@ + o) SO [0+ RO+ 2R ppo cos( + o) s 072
ppocost [ 1 R3 |
T P& + 2ppo cos(¢ + ¢p) sin 0]3/2 a [02p3 + R* + 2R2%pp cos(¢ + ¢p) sin 0]3/2 |
| Ppocos 0 1 B R3 1
Ar [[p? + pf — 2ppo cos(p — ¢o) sin 032 [p?pg + R* — 2R?ppy cos(¢ — o) sin 0]3/2 ]
| Ppocos o[ 1 B R3 |
dm [[p?2 + pE + 2ppo cos(d — ¢o)sin 032 [p2p2 + R* + 2R2ppg cos(¢ — ) sin 0]3/2 |
ppocosB [ 1 R3 1
 dr |2+ P% — 2ppo cos(¢ + ¢g) sin 6]3/2 a [p?p2 + R* — 2R?ppy cos(¢ + ¢o) sin 6]3/2 |
ppocosB [ 1 R3 1
~ dm o |[p?+ g — 2ppocos(é+ po)sin 032 [p2pZ + R — 2R2ppy cos(¢ + o) sin 0]/
| Ppocos o[ 1 B R3 |
A [[p? + pj + 2ppo cos(¢ — ¢o) sin 032 [p?pg + R* + 2R?ppy cos(¢ — o) sin 0]3/2 ]
ppo cos 1 R3
~2r [0+ 0}~ 20pocos(d— do)sinb]P2  [p2p3 + R — 2R%ppy cos(¢ — o) sin 63/
ppocosB [ 1 R3

21 [[p? + p} + 2ppo cos(¢ + go) sin 032 [p2p8 + R* + 2R2ppy cos( + o) sin 0]3/2 |

n ppo cos 1

R3

21 102 + P2 + 2ppo cos(é — do) sin 632 [p2p% + R+ 2R2ppo cos( — o) sin 03/

ppo cos b 1

R3

2r  |[0® + Pt — 2ppo cos(¢ + do) sin0]3/2  [p?p% + R* — 2R%ppy cos(¢ + o) sin 0]%/2 |
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